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Abstract. The purpose of this article is to show a second main 
theorem with the exphcit truncation level for holomorphic map- 
pings of C (or of a compact Riemann surface) into a compact com- 
plex manifold sharing divisors in subgeneral position. 
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1. Introduction and main results 

Let {HjYj^^ be hyperplanes of CP". Denote by Q the index set 
{1,2, ■ ■ ■ ,q}. Let N > n and q > N + 1. We say that the family 
{HjYj^^ are in N-subgeneral position if for every subset R <Z Q with 
the cardinality = A -|- 1 

n = ^■ 

If they are in n-subgeneral position, we simply say that they are in 
general position. 



The research of the authors is supported by an NAFOSTED grant of Vietnam 
(Grant No. 101.01-2011.29). 
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Let / : C™ — CP" be a linearly nondegenerate meromorphic map- 
ping and {Hj}'j^^ be hyperplanes in A^-subgeneral position in CP". 
Then the Cartan-Nochka's second main theorem (see ^Q\, [13]) stated 
that 

II _ 2iV + n - l)T(r, f) <J2 ^'"'(^' H,)) + o{T{r, /)). 

1=1 

The above Cartan-Nochka's second main theorem plays an extremely 
important role in Nevanlinna theory, with many applications to Alge- 
braic or Analytic geometry. Over the last few decades, there have 
been several results generalizing this theorem to abstract objects. The 
theory of the second main theorems for algebraically nondegenerate 
holomorphic curves into an arbitrary nonsingular complex projective 
variety V sharing curvilinear divisors in general position in V began 
about 40 years ago and has grown into a huge theory. Many con- 
tributed. We refer readers to the articles [T], [7], [11], [12], [S], [IB] . 
[T7] , [15] , [IB] , [H] , [21] , [22] and references therein for the development 
of related subjects. We recall some recent results and which are the 
best results available at present. 

In 2004, Min Ru [18] established a defect relation for algebraically 
nondegenerate holomorphic curves / : C — )• CP" intersecting curvilin- 
ear hypersurfaces in general position in CP", which settled a long- 
standing conjecture of B. Shiffman (see [20]). Recently, in [19] he 
further extended the above mentioned result to holomorphic curves 
f : C ^ V intersecting hypersurfaces in general position in V, where 
V is an arbitrary nonsingular complex projective variety in CP^. We 
now state his celebrated theorem. 

Let V C CP'^ be a smooth complex projective variety of dimension 
n > 1. Let Di, ■ ■ ■ , Dq he hypersurfaces in CP'^, where q > n. Also, 
Di, - ■ ■ ,Dq are said to be in general position in V if for every subset 
{zo, ■ ■ ■ ,in} C {1, ■ ■ ■ 

V n suppDi^ n • ■ ■ n suppDi^^ = 0, 

where suppD means the support of the divisor D. A map / : C — ?■ is 
said to be algebraically nondegenerate if the image of / is not contained 
in any proper subvarieties of V. 

Theorem of Ru (see [19]) Let V C CP'^ he a smooth complex 
projective variety of dimension n>l. Let Di, - ■ ■ ,Dq be hypersurfaces 
in CP^ of degree dj, located in general position in V. Let f : C ^ V 
be an algebraically nondegenerate holomorphic map. Then, for every 
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e > 0, 

1 

J2 dfnifir- D,) < (n + 1 + e)T(r, /), 
i=i 

where the inequality holds for all r G (0, oo) except for a possible set E 
with finite Lebesgue measure. 

As the first steps towards establishing the second main theorems for 
curvilinear divisors in subgeneral position in a (nonsingular) complex 
projective variety, recently, D. T. Do and V. T. Ninh in |4J and G. 
Dethloff, V. T. Tran and D. T. Do in [3] gave the Cartan-Nochka's 
second main theorem with the truncation for holomorphic curves / : 
C — )■ y intersecting hypersurfaces located in A^-subgeneral position in 
an arbitrary smooth complex projective variety V. We now state their 
theorem in [5]. 

Let N > n and g > + 1. Hypersurfaces Di, ■ ■ ■ , Dg in CP^'^ with 
V ^ Dj for all j = 1, g are said to be in A^-subgeneral position in V 
if the two following conditions are satisfied: 

(i) For every I < jo < ■ ■ ■ < Jn < q, V H Dj,^ n ■ ■ ■ H Dj^ = 0. 

(ii) For any subset J C {I,-- - ,g} such that < |J| < n and 
{Dj, j e J} are in general position in V and V fl (fljgjDj) ^ 0, there 
exists an irreducible component aj of V H (Hj^jDj) with dimcxj = 
dim(V^ n (Hj^jDj)) such that for any i G {1, ■ ■ ■ , g} \ J, if dim(V^ fl 
(Hj^jDj)) = dim(l^ fl -Dj fl (fljgjDj)), then Di contains aj. 

Theorem of Dethloff- Tran-Do (see p]) Let V C CP^^ be a 
smooth complex projective variety of dimension n > 1. Let f be an alge- 
braically nondegenerate holomorphic mapping ofC into V. Let Di, ■ ■ ■ , 
Dq (V ^ Dj) be hypersurfaces in CP'^^ of degree dj, in N -subgeneral 
position in V, where N > n and q > 2N — n + 1. Then, for ev- 
ery e > 0, there exist positive integers Lj (j = depending on 
n, deg V, N,dj (j = 1, ...,q),q,e in an explicit way such that 

(q-2N + n-l- e)Tf{r) < ^ --Nf'\r, Dj). 

j=i % 

We would like to emphasize the following. 

(i) The condition {ii) in the above definition on A^-subgeneral position 
of Dethloff- Tan-Thai is hard. Thus, their results may not be very use- 
ful and applicable due to this reason. 

(ii) In the above-mentioned papers and in other papers (see [2], [5] 
for instance), either there is no the truncation levels or the truncation 
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levels obtained depend on the given e. When e goes to zero, the trun- 
cation level goes to infinite (so the truncation is totally lost) . The most 
serious and difficult problem (which is supposed to be extremely hard) 
is to get the truncation which is independent of e. 
(iii) The family Di, ■ ■ ■ ,Dq are hypersurfaces in CP'', i.e they are global 
hypersurfaces. The more difficult problem is to consider the case where 
the family Di, - • ■ ,Dq are hypersurfaces in V, i.e they are local hyper- 
surfaces. 

Motivated by studing holomorphic mappings into compact complex 
manifolds, the following arised naturally. 

Problem 1. To show a second main theorem with the explicit trun- 
cation level for holomorphic mappings of C into a compact complex 
manifold sharing divisors in suhgeneral position. 

Unfortunately, this problem is extremely difficult and while a sub- 
stantial amount of information has been amassed concerning the second 
main theorem for holomorphic curves into complex projective varieties 
through the years, the present knowledge of this problem for arbitrary 
compact complex manifolds has remained extremely meagre. So far 
there has been no literature of such results. 

The purpose of this paper is to solve Problem 1 in the case where 
divisors are defined by global sections of a holomorphic line bundle over 
a given compact complex manifold. To state the results, we recall some 
definitions of Nevanlinna theory. 

Let L X be a holomorphic line bundle over a compact com- 
plex manifold X. Let Ri, ■ ■ ■ , Rq be divisors of global sections of 
H^{X, L'^^) respectively, where di, - ■ ■ ,lq are positive numbers. Take a 
positive integer d such that d is divided by lcm{di,d2, • ■ ■ ,dq). Let 
£■ be a C- vector subspace of dimension m -|- 1 of H^{X,L'^) such 

_d_ _d_ 

that (t/S • • • , cTg" e E. Take a basis {cfe}^+i^ a basis of E. Then 

d_ 

ni<i<m+i{ci = 0} = B[E) and a!^' is a linear combination of {cfc}^^^. 
Take trivializations pi — {p\,p1) ■ 7r~^ (Ui) — >■ C/j x C of L and {Ui} 
covers X. Denote by Xij the transition function system of this local 
triviahzation covering. Set hi = iJ2i<i<m+i\Pi ° Cil'^Y^'^ on each Ui. It 
is easy to check that hi = \\ij\'^hj on Ui n Uj. Put h = {hi}. Then 
dd'^ log hj — dd^ log hi for Ui HUj 7^ and hence, dd^ log h :— dd^ log hi 
is well-defined in X — B{E). 
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Let / be a holomorphic mapping of C into X such that f{C)r\B(E) — 
0. We define the characteristic function of / with respect to E to be 



Tf{r,L)= [ \ f rdd^log/i, 

J\ f J\z\<t 



'\z\<t 

where r > 1. Remark that the definition does not depend on choosing 
basic of E. Take a section a of L. Assume that D = v^j = SjOj is its 
zero divisor, where ai G C and Si is a positive integer. For 1 < A; < cxd, 
we put v^^\D) = min{si, /cjaj and n}-''^{t,D) = I^|a.|<t niin{si, /c}. 
The truncated counting function of / to level k with respect to D is 



Np{r,D)= I '^^^' dt. 



For brevity we will omit the character l'^' if A; = oo. Put | |cr(-) 1 1 : 

vM-) 

By the Jensen formula and by the Poincare-Lelong theorem, we have 

Theorem 1.1. (First main theorem) Let the notations he as above. 
Then, 

Tfir, L) = j^^ log + NAT, D) + 0(1). 

Let L — > X be a holomorphic line bundle over a compact complex 
manifold X and £^ be a C— vector subspace of H'^{X,L). Let {ckY'^.'^^ 
be a basis of E and B{E) be the base locus of E. Define a mapping 
^ : X - B{E) CP"* by := [cx{x) Cm+i{x)]. Denote by 

ranki? the maximal rank of Jacobian of $ on X — B{E). It is easy to 
see that this definition does not depend on choosing a basis of E. 

We now state our results. 

Theorem A. Let X he a compact complex manifold. Let L ^ X be a 
holomorphic line bundle over X. Fix a positive integer d. Let E be aC- 

vector subspace of dimension m + 1 ofH^{X, L'^). Put u = T&nkE and 
b = dimB{E) + l ifB{E) ^ 0, otherwiseb = —1. Take positive divisors 
di, d2, - ■ ■ ,dq of d. Let aj{j = 1, 2, ■ ■ ■ , g) be in H^{X, L^^) such that 



(T;[*\ ■ ■ ■ E E. Set Dj = {aj = 0} and denote by Rj the zero 

divisors of aj. Assume that Di, ■ ■ ■ ,Dq are in N-subgeneral position 
with respect to E and u > b. Let f : C ^ X be an analytically non- 
degenerate holomorphic mapping with respect to E, i.e /(C) ^ supp(fo-) 
for anyaeE\ {0} and /(C) n B{E) = 0. Then, 

{q-{m+ 1)K{E, N, {D,}))Tf{r, L) < ^ i-xH (r, R,), 
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where k]\f,SN,tN are defined as in Proposition \2.1^ and 




We would like to point out that, in general, the above constants m, u 
do not depend on the dimension of X (cf. Example 17.21 below). 

Since u < no({-Dj}) < n{{Dj}) < m (cf. Subsection 2.1 below), we 
have a nice corollary in the case m = u, B{E) = 0. 

Corollary 1. Let X be a compact complex manifold. Let L ^ X be 
a holomorphic line bundle over X . Fix a positive integer d. Let E be a 
C-vector subspace of dimension m + 1 of H^{X, L'^). Put u = lankE. 
Take positive divisors di, d2, - ■ ■ ,dq of d. Let aj{j = 1, 2, ■ ■ ■ , g) be 

_d_ _d_ 

m H°{X,L'^^) such that a^\--- , a, ' G E. Set Dj = {aj = 0} and 
denote by Rj the zero divisors of aj. Assume that B{E) = 0, m = u 
and Di,--- ,Dg are in N-subgeneral position with respect to E. Let 
f : C ^ X be an analytically non-degenerate holomorphic mapping 
with respect to E, i.e /(C) ^ supp(z/o-) for any a E E \ {0}. Then, 



In the special case where X = CP", d = di = ■ ■ ■ = dg = 1, L is the 
hyperplane line bundle over CP" and E = H^{X, L), then m = u = n. 
Thus, the original Cartan-Nochka's second main theorem is deduced 
immediately from Corollary 1. 

As we know well, the Cartan's original second main theorem has 
been extended to holomorphic mappings / from a compact Riemann 
surface into CP" sharing hyperplanes located in general position in 
CP". For instance, J. Noguchi [15] has established the Nevanlinna 
theory for holomorphic mappings of compact Riemann surfaces into 
complex projective spaces, and obtained the second main theorem for 
hyperplanes with truncation level. Recently, Yan Xu and Min Ru in 
[25] also have obtained a similar second main theorem. Motivated by 
the above Problem 1 and observations, we now study the following 
problem. 

Problem 2. To show the second main theorem with the explicit trun- 
cation level which is independent of e for holomorphic mappings of a 
compact Riemann surface into a compact complex manifold sharing di- 
visors in subgeneral position. 

The next part of this article is to show the second main theorems with 
an explicit truncation level which is independent of e for holomorphic 
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curves of a compact Riemann surface into a compact complex manifold 
sharing divisors in A^-subgeneral position. To state the results, we recall 
some definitions of Nevanlinna theory. 

Let / be a holomorphic mapping of a compact Riemann surface S 
into a compact complex manifold X of dimension n. Let L — )■ X be 
a holomorphic line bundle and a; be a curvature form of a hermitian 
metric in L. Let E and h be as above. We can see that /* log h is a 
singular metric in the pulled-back line bundle f*L of L (see Section 3 
for definitions). We put 



T{f,L)= [ rco 



Note that this definition does not depend on choosing uj and by {in) 
of Lemma 13.11 we get T(/, L) = Jg /*dd^ log h. Let i? be a divisor 
in H^{X,L). Put f*R = ^a,^ (this is a finite sum). Then, the 
truncated counting function to level T of / with respect to R is defined 
by 

iV[^](/,i?) = ^min{r,a,}. 

i 

We now state our results. 

Theorem B. Let S be a compact Riemann surface with genus g and 
X be a compact complex manifold of dimension n. Let L X be a 
holomorphic line bundle over X. Fix a positive integer d. Let E be aC- 
vector subspace of dimension m + 1 of H^{X, L'^). Put u = ranki?, and 
b = dimB{E) + l if B{E) 7^ 0, 6 = —1 otherwise. Take positive divisors 
di, d2, - ■ ■ ,dq of d. Let aj{j = 1, 2, ■ ■ ■ , g) be in H^{X, L'^^) such that 

_d_ _d_ 

a^^,--- ,aq'' E E. Set Dj = {aj = 0} and denote by Rj the zero 
divisors of dj. Assume that Ri, - ■ ■ ,Rq are in N -subgeneral position in 
X and u > b. Let f : S ^ X be a holomorphic mapping such that f is 
analytically nondegenerate with respect to E, i.e f{S) ^ supp(z/o-) for 
anyaeE\ {0} and f{S) n B{E) = 0. Then, 



iq-{m + l)KiE, N, {D^}))Tjir, L) < ^ Wp^^^ R^) + ^(^^ L), 

1=1 

where ki\f,SN,tN are defined as in Proposition \2.1^ and 

knisN - M + 2 + 6) 



K{E,N,{D,}) 



tjq 

m{m + l)kN{g — 1) 



A{d,L)={ tN 

^fg = Q- 
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We would like to emphasize the following at this moment. By Re- 
mark [5]T] below, in Theorem A and in Theorem B, we have 

liminf^H!r^>0. 

r— i-oo log r 

Finally, we will give some applications of the above main theorems. 
Namely, we show a unicity theorem for holomorphic curves of a compact 
Riemann surface into a compact complex manifold sharing divisors in 
A^-subgeneral position. Moreover, we also generalize the Five-Point 
Theorem of Lappan to a normal family from an arbitrary hyperbolic 
complex manifold to a compact complex manifold. 

The paper is organized as follows. In Section 2, we give a definition 
of hypersurfaces located in A^-subgeneral position and construct Nocka 
weights for divisors defined by sections of a holomorphic line bundle. In 
Section 3, we introduce to Nevanlinna theory for holomorphic mappings 
from a compact Riemann surface into a compact complex manifold. In 
Section 4, we show some lemmas which needed later. In Section 5 and 
Section 6, we end the proof of our main theorems. In Section 7, some 
applications of the above main theorems are given. 

2. Hypersurfages in A^-subgeneral position 

Let X be a compact complex manifold of dimension n. Let L — )■ X be 
a holomorphic line bundle over X. Take aj G H^{X, L), Dj = {aj = 0} 
and Rj is the zero divisor of aj (j = 1, 2, ■ ■ ■ , g). Let E he a. C- vector 
subspace of dimension m + 1 of if°(X, L) containing cxi, . . . , 0"^. 

Definition 2.1. The hypersurfaces Di,D2, - ■ ■ ,Dq is said to be located 
in N -suhgeneral position with respect to E if for any 1 < iq < ■ ■ ■ < 
In ^ <i, we have n^L^Di. = B{E). 

Assume that {-Dj} is located in X— subgeneral position with respect 
to E. Let {ck}t=l be a basis of E. Put u = rankE, b = dimB{E) + 1 
if B{E) ^ and 6 = -1 if B{E) = 0. Assume that u > b. 

We set (Tj = J2i<j<m+i^ij'^j^ where Ojj G C. Define a mapping 
$ : X — )■ CP™ by := [ci(x) : ■ ■ ■ : Cm+i{x)]. The above mapping 

is a meromorphic mapping. Let G'($) be the graph of $. Define 

pi : G{<t>) ^ X,p2 : G{<l>) CP"" 

by pi{x,z) = x,p2{x,z) = z. Since X is compact, pi,P2 is proper 
and hence, Y = $(X) = p2{pi^{X)) is an algebraic variety of CP™'. 
Moreover, by definition of ranki?, Y is of dimension rankE' = u. Denote 
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by H the hyperplane line bundle of CP"*. Put Hi := J2i<j<m+i '^ij^i-i; 
where [zo,zi, - ■ ■ , Zm] is the homogeneous coordinate of CP™'. 
For each K C Q, put c{K) = rank{ifj}jgx- We also set 

noi{Dj}) = max{c{K) : K C Q with \K\< N + 1} - 1, 

and 

n{{Dj}) = max{c{K) : K C Q} - 1. 
Then n{{D j}) , nQ{{D j}) are independent of the choice the C-vector 
subspace E of H^{X,L) containing aj{l < j < q). By Lemma 12.41 
below, we see that 

u < no({P'j}) < n{{Dj}) < m. 

Theorem 2.2. Let notations be as above. Assume that Pi, ■ ■ ■ ,Rq are 

in N -subgeneral position with respect to E and q > 2N —u+2+b. Then, 
there exist Nocka weights u}{j) for {Dj}, i.e they satisfy properties in 
Proposition \2.1S\ 

In order to prove Theorem 12.21 we need the following lemmas. 

Lemma 2.3. Let notations be as above. Then dimp2{pi^{B{E))) < 
dimP(P) + 1. Moreover, dimp2{pi\B (E))) = if B{E) = 0. 

Proof. The second assertion is trivial. Let us consider the case of 
B{E) ^ 0. We have nf^oDj = B{E) ^ 0. Denote by jo the biggest in- 
dex among {0, 1, ■ ■ ■ , A^} such that n^'^gDj 7^ B{E\ Using the fact that 
if the intersection of a hypersurface and an analytic set of dimension a 
is not empty, its dimension is at least a — 1, we see that dimn^?^o -^i = 
dimP(P) + 1. Put 1/ = nf^oPij. Then dimV" = dimP(P) + 1, 1/ is 
compact and B{E) C V. Consider the restriction $1 of $ into V. Then 
$1 is a meromorpic mapping between V and CP™. Therefore, we get 
dimp2(pr^(^(^))) < dim<l>i(y) < dimV = dimP(P) + 1. □ 

Lemma 2.4. Let Y, Hj be as above. Then, rank{Pj-,0 < j < N} > 
u — b. 

Proof. Put k = rankjifj, j G P}. Then, there are < ji < ■ ■ ■ < jk < 
N such that rankjPjj, ■ ■ ■ , Hj^} = k and Hj {j e {0, 1, ■ ■ ■ , N}) is a 
linear combination of if^j, ■ ■ ■ , Hj^^. Therefore, we have Hq H Hi ■ ■ ■ H 
HnHY = Hj^n---n Hj^ n v. We have 

Pi{P2\Ho n Pi ■ • • n Pjv n F)) = piip^'iHo) n ■ ■ -np^^H^) n G($)) 

c Po n ■ • • n Pjv = B{E) 

Hence, P2 ^(^0 n Pi • ■ ■ n P^v fl F) C Pi\B{E)). That means 

Po n Pi ■ • • n P^ n F c p2iPi\B{E))). 
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Therefore, by Lemma [231 we get dimifo n i^i ■ ■ ■ fl HY < b. On the 
other hand, since Hj-^ fl ■ ■ ■ fl ifj^. is an algebraic variety of dimension 
m — k, it imphes that b > m — k + u — m. This yields that k > u — b. □ 

Lemma 2.5. For each K C Q, c{K) < \K\. And for K d K' d Q 

with c{K ) = \K \, we have c{K) = \K\. 

Proof. The proof is trivial. □ 

Lemma 2.6. Let K,R G Q such that K G R and c{K) = \K\. Then, 
there exists a set K such that K G K' G R and c{K') = \K'\= c{R). 

Proof. The proof is trivial. □ 

Lemma 2.7. i) Let Ri,R2 G Q. Then, 

c{Ri U R2) + c{Ri n R2) < c(i?i) + c(i?2) 

a) Let Si G S2 G Q. Then, \Si\—c{Si) < 1521— 0(5*2). Furthermore, if 
\S2\< N + 1, then |52|-c(52) < N -u + b + 1. 

Proof, i) By Lemma [2. 5[ there exist subsets K, Ki, K2 with K G Ri^] 
R2, K gKiG Ri, KiG K3G RiU R2 such that 

\K\= c{K) = c{Ri n R2), \Ki\= c{Ki) = c(i?i), 

and 

\Ks\=ciKs) = c{RiUR2). 
Set K2 = Ks — Ki. We show that K2 G R2- Indeed, otherwise there 
exists i G K2 — R2- Then i G Ri — Ki and hence, Ki U {1} G K3 
and Ki U {i} G Ri. This implies that if |-f^i|= c{Ki) = c{Ri), then 
c{Ri) > c{Ki U {i}) = \Ki U {i}\= c{Ki) + 1 = c(i?i) + 1. This is a 
contradiction. Thus, K2 G R2 and hence, K2 U K G R2- On the other 
hand, K2U K G K3 and K2nK G K2nKi = {K3 - Ki) nKi = 0. 
By Lemma EH we get c(/?2) > c{K2 U K) = \K2 U K\= \K2\ + \K\ = 
(|ii:3|-|iri|) + |i^|> c(i?iU/?2)-c(i?i)+c(i?in/?2)- Hence, the assertion 
(i) holds. 

ii) By Lemma 1^31 there exist {v = 1, 2) such that G S^, G S2 
and |5„|= c{S^) = c{Sy). We show that (^2 — S^) fl 5i = 0. Indeed, 
otherwise there exists i ^ such that U {i} G S2 and U {i} G Si. 
If |5;|= c{S[) = c{Si), then |5;|= c(5i) > cls[ U {/}) = c{S[) + 1. This 
is a contradiction. Thus, (^2 — S^) H Si = and hence, S2 — S^ G 
S2-S1. Therefore, c(52)-c(5i) < |5;|-|5;| + 1 = |5;-5;|< |52-5i| = 
1-521-1511. 

If |52|< + 1, then we choose 53 such that 52 C 53 C Q and 
|53|= + 1. By Lemma [2^ , we have 0(53) > u — b. Hence, c(52) — 
|52|< + □ 



HOLOMORPHIC MAPPINGS INTO COMPACT COMPLEX MANIFOLDS 11 

C(i?2) - C(i?i) 



For i?i C i?2 C Q, we set p(i?i, R2) 



Lemma 2.8. Let the notations be as above and assume that q > 2N — 
u + 2 + b. Then, there exists a sequence of subsets := Rq Q Ri 
■ ■ ■ ^ Rs ^ Q satisfying the following conditions: 
i) c{Rs) < u — b, 

u — b — c(R^) 

ZZ < p i?o, i?l < ■ ■ ■ < piRs-U Rs) < 77^. ^o2h \ ' 

2i\ — u + 2 + b — \Rs\ 
Hi) For any R with Ri^i Q R G Q (1 < i < s) and c{Ri-i) < c{R) < 
u — b, we get p{Ri-i,Ri) < p{Ri-i,R). Moreover, if p{Ri_i,Ri) = 
p(-Rj_i,-R), then \R\< \Rs\- 

iv) For any R with Rs R C Q, if c{Rs) < c{R) < u — b, then 

2N-u + 2 + b-\Rs\- 

Proof. The proof is similar to that of Lemma 2.4 in [3]. □ 

Lemma 2.9. Let the notations be as above and assume that q > 2N — 
u + 2 + b. Then, there exist constants 00' {j) {j G Q) and Q' satisfying 
the following conditions: 

z) < u'U) < e' (j e Q), e' > 2]v^^. 

Ej^Q^'U) > e'{\Q\-2N + u-b-2)+u-b. 
Ill) IfRc Q andO< |i?|< + 1, then T^jeR^'U) < in{{Dj}) - m + 
2 + b)c{R). 

Proof. By the condition (i) of Theorem \2.2\ we have |-Rs|< A^. 

Take a subset Rg+i of Q such that |i?s+i|= 2N — u + 2 + b>N + l 
and Rs C Rs+i- Set 



2N -u + 2 + b-\Rs 




p{Ri, Ri+i) if j G Ri+i — Ri for some i with 1 < i < s, 
0' iij^Rs. 



ni{D,})-ciRs 



2N -u + 2 + b-\Rs\ ~ - 2N -u + 2 + b-\Rs\ 
By Lemma [2.81 ii). we get 

(1) u'ij) < Q' for all j G Q. 
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We have 

j=l jeQ-Rs+i i=0 jei?,,+i-Ri 



= Q'iq -2N + u-b-2) + E(^(^*+i) - ^(^*)) 

> e'(g -2A^ + M- 6-2) + u-6. 
This yields that 

e'{q -2N + u-2-b)+u-b< qQ' . 

Hence 9' > 2N-u+2+b ■ Combining with ([1]), we see that uj'{i) and 6' 
satisfy {i) and {ii). 

We now check the condition [in). Take an arbitrary subset R of Q 
with < \R\<N + 1. 

Case 1. c{RU Rs) <u-b- 1. 
Set 

j^_fRr\Ri ifO<i<s, 
'~[R iii = s + l 

We show that for any i G {1, ■ ■ ■ , s + 1}, if |-R^|> \R'i_i\ then 

(2) c{R',URi)>c{Ri.i). 
and 

(3) p(i?,_i,i?,)<p(i?;_i,/?;). 

* If z = 1 : Since \R[\> \R'o\= 0, R[ ^ 0. Then c(i?'i U Rq) = c{R[) > 
= c(i?o). 

*Ifi > 2 : Since |/2-|> it imphes that |/2-Ui?i_i|> On the 

other hand, we have c(i?i_2) < c(-Rj_i) < c(-RjU-Rj_i) < c{RURs) < n. 
By Lemma [2751 (ni), we get p(i?j_2, -Rj-i) < p{Ri-2,Ri U Ri-i). This 
yields that 

c(i?,-i - i?,) ^ c(i^; U - c{Ri_2) 

\Ri-i\—\Ri-2\ \Ri^ Ri-i\ — \Ri-2\ 

Since |-Rj_i|< \R[ U -Ri_i|, it implies that c(i?j_i) < c(i?- U -Rj_i). The 
inequality ([2]) is proved. 
We now prove ([3]). 

By ([2]), c(i?i_i) < c(i?^ U < c(i? U i?,) < n. By Lemma 

[H (in) for the case I < i < s and (if) for the case i = s + 1, we 
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have p{Ri-i,Ri) < p{R[_i, R[) (1 < i < s + 1), where p{Rs,Rs+i) = 

— ^^ij^f) — Therefore, by Lemma [2.71 we have 

2N-n + l-\Rs\ — 



^ ciR[uR,_,)-ciR,^2) ^ c{R-) - c{R[ n 

l-Rj U Ri-i\ — \Ri-2\ \Ri U Ri-i\~\Ri-i\ 
ciRl) - c{Rl,) 

\R[\-\Rli\ 
= p{Ri_i,Ri). 

The inequahty ([3]) is proved. By ([3]), we see that 

(4) u'ij) < piRl,, i?;) for all j G i?; - RI, (1 < ^ < s + 1). 



By (jl]), we have 



< E (i^:i-i^:-ii)-(p(^:-i'^:) 
<c(i?:+,)-c(i?;) = c(i?). 



Hence, the assertion (in) holds in this case. 
Case 2. c{R U R^) > u - b. 
By Lemma [2.71 and since |-R|< + 1, we have 

\R\< c{R) + N-u + b + l 



u-h- c{Rs) = c{R U Rs) - c{R,) < c{R) - c{R n R,) < c{R). 
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By u)'{j) < 0', we have 

^w'(j) < &'\R\ < e'{c{R) + N -u + b+1] 



j€R 



e'.c(i?).(i + -^-^ + ^ + ^ 



c(i?) 

AT + 1 - c(i?,) 



6' ■ c{R) ■ 



u — b — c{Rs) 

n 

< c{R) 



n{{Dj})-c{R,) N+l-c{R, 



2N -u + 2 + h~\Rs\ u-h-c{Rs) 
< {n{{Dj})-u + 2 + h)c{R). 

Lemma [2.91 is proved. □ 

Proposition 2.10. Let the notations he as above and assume that q > 
2N—u+2+b. Take arbitrary non-negative real constants Ei, E2, ■ ■ ■ ,Eg 
and a subset R ofQ with \R\< N+l. Then, there exist ji,j2, ■ ■ ■ ,jc{R) £ 
R such that 

and 

J2^'ij)E,<ini{D,})-u + 2 + b) J2 ^n- 

jeR l<i<c{R) 

Proof. Without loss of generality, we may assume that Ei > E2 > 
■ ■ ■ > Eg. We will choose j^s by induction on i. Firstly, choose ji = 1 
and set Ki = {I & R : c({ji,/}) = c({ji}) = 1}. Next, choose 

j2 = min{t -.teR- Ki} 

and set K2 = {I ^ R : c{{ji, j2,l}) = c({ji,j2})}- Similarly, choose 

ja = mm{t : t e R - K2}. 

We continue this process to obtain Ki C K2 C. ■ ■ ■ G Kt = R. It is 
clear that c{Ki) = i for each 1 <i <t. By the choice of < i < t), 
we have c({ji, j2, ■ ■ ■ ,jt}) = c{R) and hence, ni<i<c{R)Hj,^ = Hj^zRHj. 

Set Kq := and := Yl,jeKi-Ki.-,^'ij) (1 < < i)- Then, by 
Lemma [2.91 we have 



^ a, = ^ uj'U) < (n({D,}) -U + 2 + b)c{K,) 

< {n{{Dj}) -u + 2 + b)i{l<i<t) 
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On the other hand, it is easy to see that Ej < Ej- for each 1 < i < t 
and j E Ki — Ki_i. Thus, we get 

j<^R i=l jeKi-Ki.i 

t t 

E ^'w% = E«^^^-» 

1=1 ji^Ki-Ki^i i=l 
t-1 

= E(«i + ■ ■ ■ + - Ej^+i) + (ai + ■ ■ ■ + ajjEj^ 

t-1 

< {n{{D,}) -u + 2 + b){J2 ^iEj^ - + tE,J 

i=l 

= {n{{D,}) -U + 2 + b){E,, +E,, + --- + 

< (n({D,}) -U + 2 + h){E,, +E^, + --- + E^J. 

Hence, 

E ^'im < H{Dj}) -U + 2 + b){Ej, +Ej, + --- + Ej,). 
jeR 

The proof is completed. □ 

Proposition 2.11. Let the notations be as above and assume that q > 
2N—u+2+b. Take arbitrary non-negative real constants Ei, E2, ■ ■ ■ ,Eg 
and a subset R ofQ with \R\= N+1. Then, there exist ji, ■ ■ ■ ,jno{{Dj})+i 
in R such that 

^i<i<no{{Dj})+iHj. nY = nj(zjiHj n Y 

and 

J2u^'(j)E,<ini{D,})-u + 2 + b) E 

iei? l<i<no({Dj})+l 

Proof. By the definition of nQ{{Dj}), we have c{R) < nQ{{Dj}) + 1. 
By Proposition I2.10[ there exist ji,j2, ■ ■ ■ ,jc{R) ^ R such that 

and 

J2^\j)E,<{n{{D,})-u + 2 + u) J2 ^n- 

j£T l<i<c{R) 

Take jc(ij)+i, • • • ,ino({z),})+i e R. Then {ji, . . . , j„o({B^})+i} satisfies the 
conclusion. The proof is completed. □ 
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Proposition 2.12. Put = 2N - u + 2 + b,SN = no{{Dj}) and 

t]v = , , ^ , , -. Assume that q > k^. Then there exist 

^iWj}) -u + 2 + b ^ - 

constants uj{j) (j G Q) and satisfying the following conditions: 

(i) < uj{j) < (j G Q), > tN/kN. 

(ii) EjgQ ^U) > 0(9 - kN) + tN- 

(ill) Let Ej (j E Q) be arbitrary positive real numbers and R be a 
subset of Q with \R\— N + 1. Then, there exist ji, ■ ■ ■ ,jsN+i 
R such that 

and 

jeR l<i<sjv+l 

Proof. Put 

n[{Dj)) — U + 2 + b n[{Dj\) — u + 2 + b 

From the above lemmas, it is easy to see that uj{j), kN,tN, sn satisfy 
the requirements. □ 

3. Basic notions and auxiliary results from Nevanlinna 

THEORY 

Let L — > 5* be a holomorphic line bundle over a compact Riemann 
surface S. Denote by T{S, L) the set of meromorphic sections of the 
holomorphic line bundle L. Let D = "^^es "^ad be a divisor in T{S, L) 
(This sum is finite). Set 

and 

ArW(L») = ^min{A;, A„} for k e Z+. 

aeS 

Let ghe a holomorphic function in an open subset U of S. For a E U, 
denote by i'g{a) the multiplicity at a of the equation g{x) = and by 
{g)o the zero divisor of g. Let {Ui fl Uj,^ij) be a transition function 
system of L and ul he the curvature form of a hermitian metric {hi} 
of L. Let (7 G T{S, L). Denote by (Xj the restriction of a on Ui. 

We say that %() = {ipi} is a singular metric in L if ipi > is a 
nonnegative function on such that the following are satisfied 
i) V'i = iCuf V'j for c/i n ^ 0. 
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ii) loglpi is locally integrable. 

As a current on S, the curvature current of ijj is defined by 

= dd''[logV'i] 

Lemma 3.1. Let the notations be as above. Then, the following equa- 
tions holds. 

i) dd'^pog ] = ujl — D, where D = (cr)o and \ \a{x)\\'^ = — ^— 

I |(T(^X j 1 1 Alj 

for each x ^ Ui. 
n)J^UL = NiD). 
Hi) Jg = JgUL. 

Proof, i) Take a partition of unity {q} subordinated to the covering 
{Ui} of S and / is a differential function on S. Then, 

= ^(dd=|logft,|(c,/) - dd=|l0gffi|(Ci/)) 

i 

= ^i^L{cif) - (cri)o(Q/)) 

i 

(by Poincare-Lelong formular) 
= ULif)-Dif). 

ii) The desired formula is obtained from (i) by integrating over S. 

iii) By the construction of ujl,uj^, there is a locally integrable function 
such that uj^—ujl = dd'^pog 0]. By integrating over S", we get = 
Is^L. □ 

Let / be a holomorphic mapping of S into a complex manifold X. Let 
L be a holomorphic line bundle over X. The pulled-back holomorphic 
line bundle of L on 5 by / is denoted by f*L . By Lemma 13.11 



T{f,L')= [ f*u,. 
Js 



does not depend on choosing curvature form u^' of L' . We call it the 
characteristic function of / with respect to L. 
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Let dhe a positive integer and T(X, {L'Y) be the set of meromorphic 
sections of {L Y. Let D be a divisor in r(X, (L Y)- The truncated 
counting function to level k of f with respect to D is defined by 

ArW(/,D) = ivW (/*(£))). 

Theorem 3.2. (The first main theorem) Let the notations be as above. 
Then, 

N{f,D) 



Tif,L) 

Proof. It is easy to see that uj^^i^'y 
13.11 the conclusion is proved. 



d ■ 

dui^' . By definition and by Lemma 

□ 



Next, we construct the Wronskian. Let ctq, ci, ■ ■ ■ ,<ti be sections of 



L. Consider a local coordinate {U, z) of 5* such that L\u 
Assume that aju is the restriction of aj over U. We define 



U X 





O-QU 






d „ 






d' 

d?^ou ■ ■ 


d' ^ 



Let (f/', z') be an another local coordinate of 5* and cr^-^' be the restric- 
tion of cTj over U' . Similarly, we also define W,^' Suppose 



that UnU 7^ and cTju 
It is easy to check that 



W^ic/'' where ^^u 



{U\z)\ 

is transition function. 

dz , 



Therefore, if we set W{{aj)){x) = W^(;7,2)((o"j))(a;) for each x E U, then 



1(1+1) 



K 2 



where Ks is the canonical line bundle over S. We have the following 
Lemma 3.3. Let GQ.ai, - ■ ■ ,ai beinH^{S,L). Then, 

(i) W{{a,)) e H%S, L'+i ® Kf^). 

(ii) (To, ■ ■ • ,ai are linearly independent iff W{{(7j)) ^ 0. 

(iii) Let A be an (/ + 1) x (/ + l)-matrix such that (tq, ti, ■ ■ ■ , r;)* = 
A{ao, cji,-- - , diY. Then W{irj)) = (det A)W{ia,)). 

(iv) //$ G T{S,KP^), then iV(($)o) = + 1), where g is 
the genus of S. 
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Proof. The proof of (i) is given above and the proof of {iii) is an usual 
property of Wronskian. Now, we prove (ii) and (iv). 
ii) Obviously, if W{{aj)) ^ 0, then ctq, - ■ ■ ,ai are hnearly independent. 
Conversely, suppose that ctq, ■ ■ ■ , cx; are linearly independent. We show 
that aou, ■ ■ ■ ,criu are linearly independent for all U. Indeed, suppose 
that X]i<j</ (^i'^iu = 0, where are not all zero. Take U such that 
U' nU 0. Then am = iuu'^iu' ^^"^ Z]i<j<i ^i'^ii/' = on [/ fl t/'. 
Since U nU is an open subset of f/ , we get J2i<i<i '^i^iu' = on [/ . 
This follows that X]i<i<i ~ 0- This is a contradiction. Thus, we 
have W{{aj)) ^0. 

iv) Take a holomorphic (1, 0)-form a on S. By definition of i^^, we 

can consider a as a section of Kg- Hence, G H^{S,Kg ^ ). By 

the Poincare-Hopf index formula for meromorphic differential, we have 

Ar((a)o) = 2{g - 1). Thus, N{{a)^) = l{l + l){g - 1). By Lemma 
I3.1l ii). we have 

Nmo) = N{{a)f^) = l{l + l){g-l). 

□ 

4. Some lemmas 

Lemma 4.1. Let Y be a algebraic variety of CP™ of dimension u, 
Z be an algebraic subset of Y and Hq,Hi,--- ,Hjq (m > u + 1) be 
hyperplanes in CP"" such that Hq n ■ ■ ■ n DY = 0. Put R = 
{1, 2, • • • , m}. Then, rank(iJj, < j < A^) > u — dimZ. 

Proof. See Lemma [2. 4[ □ 

Lemma 4.2. Let Ho,Hi, ■ ■ ■ ,Hm be hyperplanes in CP^. Put k = 
rank(ifj-,0 < j < m). Let Eq,--- ,Em be positive real number such 
that Ej > 1 for < j < m. Then, there are ji, ■ ■ ■ , jk & R such that 
rank{ifj^, ■ ■ ■ , Hj^^} = k and 

T? T? TP ^ ( T? T? \m—k+2 

h^hi ■■■Em< [Ej^ ■ --EjJ 

Proof. Since k = rank(ifj,0 < j < rn) there exist k hyperplanes 
ifj^, ■ ■ ■ , Hj^ in {i^o; ■ ■ ■ i Hm} such that Hi is a linear combination 
of this k hyperplanes. Hence, we have 

k 

Hi = ^ aiiHji, where an G C. 

i=l 

Put H'l = Yli=i o-ii^i-i , (0 < / < m) as hyperplanes in CP^~^ It is easy 
to see that Hq, - ■ ■ , H'^ are in m-subgeneral in CP'^^^. For < j < m, 
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put 

a{j) = X = min{ ' : P C R} 

Then, by [211 Proposition 2], we have 

i) ^ > 

ii) For any P G R, 

<rank(P) 

Next, by [211 Proposition 1], we obtain that there are ji, ■ ■ ■ , jk E R 
such that Tank{{Hj_^, ■ ■ ■ , Hj^}) = k and 

(EqEi ■ ■ ■ EjnY < -Sji ■ ■ ■ Ej^. 

Since rank({/7j^, ■ ■ ■ , Hj^}) = k, it imphes that rank({ifj-^, ■ ■ ■ , Hji^}) = 
k. Hence, the conclusion is deduced from the fact that A > — □ 

Lemma 4.3. Let Hi, ■ ■ ■ ,Hq be hyperplanes in CP™. Put Q = {1,2, 
■ ■ ■ ,q}. Let u be a positive integer. Fix < t < q — 1. Assume that 
rankjifj^, (0 < j < t)} > u + 1 for each 1 < Iq < ii < ■ ■ ■ < it < q- 
Let W be a subspace of CP™. Then, there are (m — u) hyperplanes 
Ti, ■ ■ ■ ,Tm-u iiT- CP™ such that the following is satisfied: 

For each R G Q with \R\= t + 1 and Ta.nk{Hj,j G R} > u + 1, we 
have {Hj,Ti : j E R,l < i < m — u} are in (t + m — u) — subgeneral 
position and W ^ Tj(l <i<m — u). 

Proof. Put Tj := a^iXQ + ■ ■ ■ + a^iXm for 1 < i < m — u, where 
aij G C. For R G Q with |P|= t + 1, we consider determinants of 
all submatrices of degree (m + 1) of the matrix of the coefficients of 
Hj{j G R) and Ti{l < i < m — u). There are {^^"m+i^"^) such matrices. 

Let h{T, R) be a mapping of c^™+-^-'^™~'"-' into "i+i which maps 
[cbki : < k < m, 1 < i < m — u) to —tuple of such deter- 

minants. Then, h{T, R) is a holomorphic mapping. Since rank(i7j, i G 
R) > u + 1, we have h{T, R) ^ 0. Hence, h{T, P)~^{0} is a proper an- 
alytic subset of On the other hand, we see that there is a 
proper analytic set W of such that if {uij : < i < m, 1 < 
j < m — u) ^ W then W ^ Ti(l < i < m — u). Now, taking (a^- : < 

i <m,l <j <m-u) in C(™+i)(™-") - (U|R|=t+i/i(r, P)-i{0} U VT'), it 
implies that Tj have the desired property. This finishes the proof. □ 

We also need to use a corollary of lemma on logarithmic derivative 
in [15]. 
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Lemma 4.4. ( pfSf Lemma 4.2.9] j Let g he a non-constant meromor- 
phic function on C. For k > 1, we have 

(fc) 

\og\^ire"^)\d<l> = Sir,g), 

where H is the hyperplane bundle of CP^, and S{r,g) is a quantity 
satisfying for arbitrary 6 > 0, S{r,g) = 0(logT(r, (?)) + 6\ogr, outside 
a subset of finite Borel measure. 

5. The proof of Theorem A 
We use the notations as in Sections 1 and 2. 

Replacing ctj by cr/' if necessary, we may assume that o"i, ■ ■ ■ , are 
in H°{X,L'^) and ||aj||< 1. Put (jj = Zli<j<m+i where aij e 
C. We define a meromorphic mapping $ : X — )■ CP*" by $(x) : = 
[ci{x) : ■ ■ ■ : Cm+i{x)]. Also since X compact, Y = $(A) is an algebraic 
variety of CP™. Moreover, by definition of ranki?, Y is of dimension 
rankE = u. Put P = $ o /. Since /(C) n B{E) = and / is non- 
degenerate with respect to E, F is holomorphic curve and linearly non- 
degenerate. Denote by H the hyperplane bundle of CP™. Put := 
Si<j<m+i '^ij^j-ii where [zq, zi, - ■ ■ , Zm] is the homogeneous coordinate 
of CP™. It is easy to see that 

(5) Tf{r, L) = ^T^ir, H) and iV;(r, P,) = iV^(r, H,). 

Furthermore, we have Dj^ fl ■ ■ ■ fl Dj^ = B{E) if and only if Hj-^ fl 
■■■nHj^nY = <^{B{E)). Denote by /C the set of all subsets K of 
{1, ■ ■ ■ ,q} such that \K\= + 1 and Hj^xDj = B{E). Then /C is 
the set of all subsets K C {1,2 - ■■ ,g} such that \K\= + 1 and 
Dj^KHj nY = $(P(P)). By Lemma lO and Lemma there are 
(?77, — u) hyperplanes Hq^i, ■ • ■ , P<j+m-u+f)+i hi CP™ such that 

{Hj, Hq+i : j e R,l < i < m - u + h + 1} 

are in {s^ + 'm — u + h + 1)— subgeneral position in the usual sense, 
where R E KL. 
Put 

/Ci = {P C {1, 2, ■ ■ • , g + m - M + 6 + 1} : |P|= rank(P) = m + 1}. 

Note that since /(C) fl B{E) = there exists a constant C > such 
that 
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for all z E C Take R = Q — S. Put u{j) = for all j > q. Then, 
(7) 

f \H,{F{z))\ Y^^ ^ /tt iii^(^)ii y^^'^ u,eQ\Hmm-^^^ 

By Theorem O and ©, for ^, |^| = g - iV - 1 there exists G /C 
such that 

Hence, 

n < f n 11^(^)11 "^^"rf iii^(^)ii \ 

^^11 llF(^)ll-a) -{njH,{F{z))\- ^11^ \H,{F{mJ' 

Yl'i+^--+b+^\H^(^F{z))\^(^^ 

And by Lemma there exists C R^U{q+l, ■ ■ ■ , g + m — u + 
such that rank(ifj, j G -R^*) ~ \Ri\= m + 1 and 

(10) 

J-J- \\F{z)\\^(^) - .J-Aji7j-(F(2))|«iv-«+2+b ■ ||^(^^)||(E,gQ'^(i)+'n-«+fe+i) 

By rank(i?°) = |i??|= m + 1, the Wronskian W{Hj o F,j G i??) = 
c(/25')W^(-^) is not identically 0, where c(i?°) is non-zero complex num- 
ber. Therefore, by (|TOl) . 



Yl^^rn^-+b+i\H,{F{z))\^^^^ 



^0^ I \ SN-u+2+b 
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Combining (11 II) with (jH]) we gain that there is a positive real number 
C such that 

(12) C'\\F{z) I |*^^je<3 '^(j)-(™+l)(siV-'"+2+b)+m-M+l+b)^ 

n...o|//.(F(.))| ^ 



|iy(F)(z)|^iV-«H 



2+fe 



Taking the logarithm of (]T2l) and applying 2dd'^ as currents, by the 
Poincare-Lelong formula (cf. Theorem 2.2.15, p. 46]) and the Jensen 
formula (cf. fT5] Lemma 2.1.30, p. 36]) and Lemma [4.4[ we see that 

(13) (e(g - k^) + tN - {m + 1){sn - u + I) + m - u)Tp{r, H) < 

q+m—u 

u{j)NF{r, Hj) -{SN-U + l)N{r, vw{f)) + A, 



where 



We now prove that 

(14) ^ uj{j){uHj{F) - J^P-iF)) < {sn -U + 2 + h)uw{F)- 

!<] <.q+m—u+b+l 



By Theorem 12. 2[ for any z E S and for any J with | J|= + 1, there 
exists a subset K {J,z) G /C such that 

J2^U)i^H,{F)iz) - l^^H^^F^iz)) < i^H,iF)iz) - l^^H-(F)i^)) 

i^J jeK'{j,z) 

- '^^lJ2(''H,{F){z) - iyp^(^F){z)). 

j€K 



Hence 



max^(z/^^^.(ir)(2;) - iy^H-iF)i^))- 



KeK. 
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On the other hand, we have 
(16) 



Put LH = ESr"^'^'^(j)(^H,(F)(^) - Combining m 



and f[T5|) . by Lemma [4. 2[ we have 
(17) 

q+m—u+b+l 

LH < max (z//f,. (f) (z) - J^H-iF) (^) ) + 5Z ^''"^ (^) ~ ''S^If) (^) ) 
iex i=g+i 

- S*^^^ - + 2 + 6)(^(i^/f^.(F)(z) - z/J^|^)(z)). 

jeR 

On the other hand, for i? G /Ci it is well-known that 

(18) Uw(F) = l^wmF),ieR){z) > C^{l^H,iF){z) - ^^H^(F)i^))) 

j€R 

Since (fTSi) holds for all i? G /Ci, we have 



(19) z/w(F) > max(^(z/H,(j.)(2;) - u^^^^p^iz))) . 

By combining ( |T9l) and ( |T8l) . we get ( |T4l) . Now, by dHD, we have 
(20) 

(s^-M + 2 + 6)iV(r,z/^^(^)) > Yl ^mNF{r,H,)-Np\r,H^)). 
On the other hand. Lemma 14.41 yields that 

(21) — / log }^ -pj^ Iff mi d<P = S{r,F). 

Furthermore, we get 

(22) Npir, Hi) < Tpir, H) + 0(1), q + 1 < i < q + m - u + b + 1. 
Combining ([20]), dSIl), (|22]) and (USD, we have 

(23) (e(g -kN)+tN-im + l){sN-u + 2 + h))TF{r, H) < 

j2^{j)NF{r,H,)- J2 u:{j){NF{r,H,) - N^;r\r,H,)) + S{r,F). 

j=l l<j<q 
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Hence, 

(24) (e(g -kN)+tN-im + l){sN-u + 2 + b))TF{r, H) < 

^(J) E Np\r,H,) + S{r,F). 

Remark that < and > By dividing two sides of ( l2l|l by 
0, we see that 

(25) ((g - kj,) + kj,- M^i±li(s^ -U + 2 + b))Tp{r, H) < 

J2 NP{r,H,) + S{r,F), 

Combining fl25l) . fl24l) and ([5]), the proof of Theorem A is completed. □ 
Remark 5.1. By the hyperthesis, in Theorem A, we have 

hminf ^4^^^ > 0. 

r— s>oo log r 

Indeed, let F : C — > CP"^ be as in the proof of Theorem A. Then we 



have 



Suppose that 



Then 



Tfir,L) = ^TFir,H). 

r^oo log r 

liminf^¥^ = 0. 



logr 

Hence, F is constant. This implies that there are G C(0 < i < m) 
such that Cj(/) = aiCo{f), where q are as in the proof of Theorem A. 
Therefore, we have /(C) C {cj — OjCo = 0} which is a hypersurface 
defining by a section of E. This is a contradiction. It follows that 

liminf^H^>0. 

r— ^oo log r 

By using Theorem A, we have the following Ramification Theorem. 

Corollary 5.2. Let X be a compact complex manifold. Let L ^ X be 
a holomorphic line bundle over X . Fix a positive integer d. Take 
positive divisors di,d2,--- ,dg of d. Let aj (j = 1, 2, ■ ■ ■ , q) be in 
H^{X,L'^^). Let E be the C-vector subspace of H'^{X,L'^) generated 

d d 

by a^^ , ■ ■ ■ ,aq''. Put u = rankii^, dimE = m + 1 and b = dimB{E) + 1 
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if B{E) 7^ 0, otherwise b = —1. Set Dj = {aj = 0} and denote by Rj 
the zero divisors of aj {j = 1, 2, ■ ■ ■ ,q). Assume that Di, - ■ ■ ,Dq are 
in N -subgeneral position with respect to E and u > b. Let / : C — i- X 
be an analytically non- degenerate holomorphic mapping with respect to 
E, i.e f{C) ^ supp(z/^) for any a e E \ {0} and /(C) n B{E) = 0. 
Assume that f*Rj > vjsupp f*Rj {I < j < q), where Vj is a positive 
integer if f*Rj 7^ and Vj = 00 if f*Rj = 0- Then, 



5^(1 - min{l, -}) < (m + 1)K{E, N, {D,}), 



where K{E, N, {Dj}) is as Theorem A. 
Proof. In order to prove Corollary 15.21 we can assume that 

f*Rj^0 il<J<q). 

If Vi > m, we have 



Nr{r,Ri) Nr{r,Ri 
1 . „ , — — > 1 — 



If Vi < m, we have 



d,-Tj{r,L) - Nf{r,R, 
m 

> 1 . 

Vi 



Np{r,Ri) Np{r,R.j 



Hence, we get 



1 — — — - > 1 — — — - > 

di-Tf{r,L) - Nf{r,Ri) " 



1 / , — 7T > 1 - mm] 1, — [. 



This implies the conclusion. □ 



6. The proof of Theorems B 
The proof of Theorem B is essentially similar to the one of Theorem 

A. 

Put L = f*L. Let the notations be as in the proof of Theorem A in 
which the complex plane C is replaced by a compact Riemann surface 
S. We have 

(26) T(/, L) = ^T{E, H) and Ar(/, R{) = N{E, H,). 
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By similar arguments to the ones in the proof of Theorem B, we get 
(27) 

(e(g - kj^) + tN - {m + 1){sn - u + 2 + b) + m ~ u + b + 1)T(F, H) < 

J2 ^U)NiF, Hj)-{n-u + 2 + b)N{r, uwiF)) + A 
i=i 

and 
(28) 

isN-u + 2 + b)NiuwiF))> Yl ^U)iNiF,H,)-N^"'\F,H,)), 

i<i<9 

where uj{j) = Q if j > q and 

1 /• , ^ \W{H,,ieR)\^^ 



Obviously, Hj{F) are sections of L'^. By Lemma [3. 3 [ we have 

(29) W{F) G if°(5, Z'^^^+l) ® j^^{m+l)/2^ 

Moreover, for each i? G /Ci, it implies that 

(30) JJ Hj{F) G H\S, Z''(™+^)) 

Combining (130|) and (129|) . we get 

(31) n'^^^r/ri ^^"^^'^"^'""'^'')' 

where i? G /Ci and i^^ is the canonical bundle of S. Hence, by Lemma 
13.11 we have 

(32) 

m{m + l){g — 1). 



/2dd-logV iWiHSeRin 



TA 



Combining ([32]), ([281) and ([271), we get 

(33) (0(g -kN)+tN -{m + l){sN -U + 2 + b))T{F, H) < 

Y,uj{3)N^"'\F, H,) + m{m + l){g - 1). 
i=i 
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Dividing by 6 two sides of ( 133|) and noting that 6 > c<;(j), |^ < 6, it 
imphes that 

TTl -\- 1 

(34) {q-kN + kN{l - — (sjv -u + 2 + b))T{F, H) < 



7.1. Unicity theorem. 

Applying Theorem B, we also get a unicity theorem for holomorphic 
curves of a compact Riemann surface into a compact complex manifold 
sharing divisors in A^-subgeneral position in this manifold. Namely, we 
get the following. 

Proposition 7.1. Let S he a compact Riemann surface with genus g 
and X be a compact complex manifold of dimension n. Let L ^ X be a 
holomorphic line bundle over X . Fix a positive integer d. Let E be a C- 
vector subspace of dimension m+1 of H^{X, L'^) . Take positive divisors 
di, d2, - ■ ■ ,dg of d. Let aj{j = 1, 2, ■ ■ ■ , g) be in H^{X, L'^^) such that 

_d_ _d_ 

cr^^ ,■ ■■ ,aq'' G E. Denote by Rj the zero divisors ofcrj. Assume that 
Ri,--- ,Rq are in N-subgeneral position in X and ranki? = n. Let 
fi, f2 '■ S X be a holomorphic mapping such that fi{i = 1,2) is 
analytically nondegenerate with respect to E, i.e fi{S) (f. supp(z/o-) for 
any a e E \ {0} and fi{C) n B{E) = 0, (i = 1,2). Assume that three 
the following conditions are satisfied. 

(i) Ui-i /r^(suppi?i) 7^ and /f^(suppi?i) = /2"^(suppi?i) for 
each I < i < q, 

(ii) /i = /2 on Ui<i<g/r^(suppi?i), 

(iii) /i,/2 are analytically non-degenerate holomorphic mappings 

with respect to H^{X,k\P ® L^"(")), i.e fi{S) ^ supp(i/^) for 

any a e H^{X,K{f^ ®L2"("))\{0}, where Kx is the canonical 
bundle of X. 



J2N^"'\F,H,) + A{d,L) 



where 




By (l26i) . (l34l) . the proof of Theorem B is completed. 



7. Appligations 
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Then, fi = /a for each q > B{d,L) + 2m{N + 1) + 2A{d,L), where 
k^,SN,tN are defined as in Proposition \2.1^ A{d,L) is as in Theorem 

BandB{d,L) = '^^^^. 

tN 

Proof. Let $ be the mapping which is defined in the proof of Theorem 
B. Put Fi = $o/j for i = 1,2. Denote by the puUback f*L of L by fi 
{i = 1, 2). Let Hm be the hyperplane bundle of CP"^. It is easy to see 
that F*Hm = Li {i = 1,2). Take two distinct hyperplanes S, S' in CP"^. 
Then, F*E, F*E' are sections of Li. It implies that F*E(g>F;E', F*E' (g> 
F*E are sections of Li O L2. Put h = F*E O F*E'/F*E' O F*E. Then, 
/i is a meromorphic function on C and consider h as a mapping of C 
into CP^ by 

h{z) = [F*E ® F;E'{z) : F*E' ® F;E{z)] 

for all z ^ S. Suppose that h is nonconstant. Let Hi be the hyperplane 
bundle of CP^. Then, by Theorem I3.2[ we have 

(35) T{h, Hi) = N{h, [1 : 0]) < N{Fi, E) + N{F2, E') 

= T{Fi,Hm) + N{F2,H^) 
= T{fi,L)+T{f2,L). 

Applying Theorem B to fi and /a, we get 

(36) (g-P(rf,L))(T(/i,L)+T(/2,L)) < 

<? 

5^(iVH(/,,i?^.) + iVH(/2,i?^.)) + 2A(rf,L). 
3=1 

Put M = [Ji<i<q fi^{L)i). Since /i = /2 on M, it implies that 

(37) \M\<N{h,[l:l]) = T{h,Hi). 

Combining (135|) . (!36|) and (!37|) . we obtain 

q 

(38) (g-P(d,L))|M|<^(iVH(/^,/?^.) + iVH(/^^^^.)) + 2A(rf,L). 

i=i 

On the other hand, by the property of A^— subgeneral position, there 
is no point x E S such that /i(x) belong to (A^ + 1) hypersurfaces Dj. 
Therefore, 

(Ar+l)|M|>X:iVW(A,P,.) 



30 



DO DUG THAI AND VU DUG VIET 



Furthermore, we have 

X:iVW(A,i?,)>^X^iVH(/,,i?^.). 

Combining the two above inequahties, we get 

m(Ar + 1)|M|> ^A^['"l(/i,/?j-)- 

Since f{\Dj) = f2\Dj), iVW(/i,i?j) = A^W(/2,i?j). Hence, we have 

(39) 2m(iV + l)|M|>^(iVH(/^,i?^.) + iVH(/2,i?^.))- 

i=i 

By (I38D and ([39]), we obtain 

(g - B{d, L)) - 2Tn{N + 1))M < 2A{d, L). 

Since g > B{d,L) + 2m{N + 1) + 2A{d,L), we get a contradiction. 
Hence, h is constant. It follows that Fi = F2. 



Fut T = {x e X : rank^<l> < n}, Ui = {z e CP"" : Zi ^ 0},i = 
1, 2, . . . , m + 1. For each x G T, take a local coordinate (xi, . . . , Xn) of 
X around x and t/^ such that Ci{x) 7^ 0. Then the Jacobian of F is 



'ciy 



Cm+1 y 
Ci 



'C]_y 



' Cm+i y 



/ Cm+1 y 

V Ci /In/ 



Since x E T, every minor determinant of degree n of the above matrix 
equals zero at x. Hence, T is in the union of zero sets of such minor 
determinants. We see that there are (^) submatricies of degree n of 
the above matrix. Let Jo{xi, . . . , Xn) be the one of these submatricies. 
If {x[, . . . , x'^) is an another coordinate of X around x, then we have 

d{x[,...,x'J 



(40) 



|Jo(xi, . . .,Xn)\= \Mx[, . . .,X'J\. 



d{xi, 



Xr, 



By calculating the determinant of Jo, we get 

a(cfc, (q)') 



(41) 



l^ol 



„2n 



Since c^" e if°(X,L2") and by and dSl), we get a(cfc, (q)') G 
H^{X,Kx ® L^"). Denote by a the product of all such quantities. 
Then, 



a G H^iX.K^"' ®L 



2n{ 
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Since /i and /2 are analytically non-degenerate holomorphic mappings 

with respect to H^{X,k\P ® ^^"(n)), it implies that /i(X) ^ T and 
f2{X) ^ T. On the other hand, since $ has maximal rank in X — T, $ 
is a covering oi X — T onto $(X) — $(T). By the lifting theorem, we 
get /i = /2 on C - (/r'(T) U /^-^(T)) and hence, h = f2 on C. The 
proof is finished. □ 

Finally, we construct an example to show that the condition rankE' = 
n cannot omit in Proposition 17.11 

Example 7.2. For each I G N, denote by Hi the hyperplane bundle 
of CP'. Let m,k be the fixed integers. Put X = CP"" x CP''. Let 
{U} be an open cover o/ CP*" and {Xuv} be the transition function 
system of Hm corresponding to the cover {U}. Consider the family 
{U* = U X CP''}. Put \u'V'{x,y) = \uv{x) for each x eUnV,y e 
CP''. Hence, there exists a line bundle L* over X such that {Xu*v*} 
is its transition function system. Take a section a* of L* . By the 
compactness of CP'' , it implies that there is a section a of L such 
that (y*{x,y) = a{x). Hence, each divisor of a section of L* is the 
Cartesian product of a divisor of L and CP''. It is easy to check that 
rankif°(X, L) < m < m + k = dimension of X. We can choose a 
Riemann surface S and divisors Di, . . . , Dq of L such that there exist 
holomorphic mapping f of S to CP*" and two holomorphic mapping 
Qi, 92 of S into CP'' which satisfy gi = g2 on Li'j^if~^{Dj) and gi ^ g2- 
By a direct computation, we see that H^{X, Kx^L*) = for all l,t > 0. 
Therefore, gi,g2 is non-degenerate with respect to H^{X,K'x ® L^) for 
all l,t > 0. Define mappings fi{i = 1,2) of S into X by fi = {f,gi). 
Obviously, /i,/2 satisfy the conditions (i), (u), (Hi) in Proposition \7.1\ 
but they are distinct. 

7.2. Five-Point Theorem of Lappan in high dimension. 

We now recall the following Five-Point Theorem of Lappan f^. 
Theorem of Lappan (see [S]). Let A be a subset of CP^ with at 
least 5 elements. Then f G Hol{A,CP^) is normal iff 

sup {|/'(^)|(1 - \z\')/il + \fiz)\') : z G f-\A)} < oo, 

where A is the open unit disc in C. 

We now extend this theorem of Lappan to a normal family from an 
arbitrary hyperbolic complex manifold to a compact complex manifold. 
First of all, we recall some notions. 

Let Hol{X,Y) {C{X,Y)) represent the family of holomorphic (con- 
tinuous) maps from a complex (topological) space X to a complex 
(topological) space Y, and let = Y U {oo} be the Alexandroff 
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one-point compactification of F if y is not compact, = Y if Y is 
compact. The topology used on all function spaces is the compact-open 
topology. 

Definition 7.3. (see P p.348]; 

Let X , Y be complex spaces and let T C Hol{X, Y) 

i) A Brody sequence for is a sequence {fn^Qn}, where fn&^ and 

Qn € Hol{An, X) , where A„ = {z E C : \z\ < n}. 

a) A map h G C(C, F"^) is a Brody limit for T if there is a Brody 

sequence {/in} for T such that hn h on the compact subsets of C 

Definition 7.4. (see P p.348]; 

We say that a family T of holomorphic mappings from a complex 
space X to a complex space Y is uniformly normal if 

J^oHol{M,X) = [fog: f eJ^, ge Hol{M,X)} 

is relatively compact in C{M, Y~^) for each complex space M , and that 
f G Hol{X, Y) is a normal mapping if {f} is uniformly normal. 

As in [8], we have the following assertion. 

If X,Y are complex spaces, then J-" C Hol{X, Y) is uniformly normal 
iff J-" o Hol{A, X) is relatively compact in C(A, 1^"*"). 

Let X be a complex manifold and Jk{X) be the /c-jet bundle over X. 
Given a holomorphic mapping / : — )■ X with /(O) = x, we denote 
by jk{f) the element of Jk{X)x defined by the germ of / at 0. 

Let U be an open subset of C and / : t/ — )• X be a holomorphic curve. 
We now define a holomorphic mapping Jk{f ) '■ U — )■ Jk{X). Indeed, for 
each z G U with w E U — z = U^, we put fziw) := f{z + w). Then 
is a holomorphic mapping of a neighborhood Uz of into X. Set 

Jk{f){z)=Jk{fz). 

The mapping Jk{f) is said to be a k-jet lift of f. 

Definition 7.5. Let X be a complex manifold. A fc-jet pseudo-metric 
on Jk{X) is a real-valued nonnegative continuous function F defined 
on Jk{X) satisfying 

F(cO = |c|F(0 ^eJkiX),ceC. 

Additionally, if F{^) = iff C, = 0, then F is called a A;-jet metric on 
Jk{X). 

Proposition 7.6. Let X be a complex manifold of dimension m. Then, 
there exists a k-jet metric F on Jk{X). 
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Proof. Let {{Ui,7Ti)} be a trivialization system of Jk{X) over X such 
that vr : f/j — )■ Vi X C^™, where Vi is an open polydisc in C™. Take a 
partition of unity {cj} subordinated to the open covering {Ui}. Assume 
that {x\, . . . jX^) is a local coordinate system of X on Vi. Define the 
mapping Fi : Ui ^ M"*" by 

k m 

t=i 1=1 

k\ 

where St = — {I < t < k). Obviously, Fi is a /c-jet metric on Ja:(^)- 
Put F = CjFj. Then F is a /c-jet metric on Jfc(X). □ 

Given a point x G X, ^ G Jfc(X)i., the Kobayashi /c-pseudo-metric 
Kx{x,C,) is determined by 

= inf {i : ¥?(0) = x,Jk{<f){0) = ^ for some <f G /7o/(A„X)}. 

For a holomorphic mapping (7 of F into X, the pull-back g*K^ of 
is a pseudo-metric on Y given by 

^?*iri(l/,jfc(/)) = iri(^7(l/),j,(<7o/)). 

By the above definitions, it is easy to get the following. 

Lemma 7.7. Let the notations he as above. Then, 

(i) g*K^x{y.iy) < KU9iy),9*Q for all yeY,^ye Jk{Y)y . 

(ii) K\^[z, jk{id)) < ^, for all ^ G (id is the identity mapping). 

Proposition 7.8. (see [23., Theorem A]j Let X be a complex manifold. 
Then X is hyperbolic iff for each x E X and for each open neighborhood 
U of X, there exist an open neighborhood V of x in U and a positive 
constant C such that 

K^iy,Q<C.KUy,Q, 

for all k > 1, for all y E V and C,y G Jk{X)y. 

For more fundamental properties of Kx-, see [23] . 

Proposition 7.9. K\{y,^y) > Q for each y G A and^y G Jfc(A) — {0^,}. 

Proof. Assume that (y9 : A^ — )■ A is a holomorphic mapping such that 
(p{0) = y and Jki^)iO) = ^y. Since ^y := (^^, • • ■ there is 

1 < i < k such that 7^ 0. Since 

If fja) ^ 
(p{z) = — / -^da 

for all z G A^, it implies that |v5'(-2)|< ^ for each z G An. 
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Repeating the above argument for Lp^'^\ . . . , we get 

i^"-'(^)i< 5 

for all z G Aj_. Therefore, we have 



2 



k 



g = : A . ^ 

and g'{0) = Cy This implies that Ki{y,Q > Ki^^^ {y,^^) > 0. We 

get the desired conclusion. □ 

Combining Proposition 17.81 and Proposition 17. 9[ we get 

Corollary 7.10. Let X be a hyperbolic complex manifold. Then, we 
have K^{x, ^:,) > for all x eX,^^e Jk{X)^ - {0^}. 

Proposition 7.11. Let f : X ^ Y be a holomorphic mapping between 
complex manifolds such that f is normal. Assume that F is a k-jet 
metric on Jk{Y) and r > 0. Then, there exists a constant c > such 
that 

F{Jk{f o 0)) < c for each G Hol{Ar, M). 

Proof. Suppose the contrast. Then, there exist {0„} C Hol{A, M) 
and {zn} C A such that F o Jfc(/ o > n for all n. Take an 

automorphism T„ of A such that T„(0) = Put (p'^ = (pn ° Tn. Then 

Fo Jfc(/o0;)(O) > n for all n. 

Since / is normal, there exists g G Hol{Ar, X) such that f o 4>'n ^ g- 
Therefore, there exist an open subset V of A,, around and a local 
coordinate U of g{0) in X such that / o (p'^i^z), g{z) G U for all z G V. 
This implies that (/ o 0^)*^*-' — ?■ g^^^ (the t-th derivative) on V. Hence, 

F o Jkig)iO) = lim F o J,{f o cj)'J{0) = oo. 

n—^oo 

This is a contradiction. □ 

Corollary 7.12. Let f : X Y be a holomorphic mapping between 
complex manifolds such that f is normal. Assume that F is a k-jet 
metric on Jk(Y) and Kx{x,^x) > for all x E X,^^ ^ Jk{X) — {O^,-}. 
Then, there exists a constant c > such that 

f*F{x,^,) < c ■ K'xix,^ for all x G X,^. G MX). 

Proof. Suppose the contrast. Then, there are a;„ G X, ^„ G Jk{X)x^ 
such that f*F{xn,in) > n ■ Kx{xn,^n)- Put 
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Then, Kx{xn, C,n) = 1- By the definition of Kx, for each n, there exists 
(pn e Hol{Ai,X) such that Jfc(0)(O) = ^n- Hence, F{Jk{f o 0„)) > n 
for all n. This is a contradiction. □ 

Definition 7.13. Let Q be a complex manifold and X be a compact 
complex manifold. Let L X be a holomorphic line bundle over X . 
Let E be a C-vector subspace of H^{X, L) of dimension m + 1. Let Fm 
be a m-jet metric on Jm{X). Let f be a holomophic mapping ofQ into 
X. Assume that K^{p,^p) > for all p e il,^p G Jm{^)p — {Op}. For 
p E fl, we put 

\df{p)\F^ = sup {^-^'i^JY '■ ^ JU^)p - {Op}} 
= snp{f*Frn{p,Q:K^ip,Q = l}. 
We now prove the main theorem of this subsection. 

Theorem 7.14. Let Q be a hyperbolic complex manifold and X be a 
compact complex manifold. Let L X be a holomorphic line bundle 
over X . Fix a positive integer d. Take positive divisors di,d2,--- ,dg of 
d. Assume that aj G H^{X, L'^^), Dj = {aj = 0} (j = 1, 2, ■ ■ ■ , q) and 
D := Uj^]^-Dj. Let E be the C-vector subspace of H^{X,L'^) generated 

d d 

by a^^ , ■ ■ ■ , CTg'' . Put u = ranki?, dimii^ = m + 1. Denote by Rj the 
zero divisors of aj (j = 1, 2, ■ ■ ■ ,q). Assume that Ri, - ■ ■ ,Rq are in N- 
subgeneral position in X , B{E) = and q > {m + iyK{E, N, {Dj}). 
Let F C Hol{Q,X) be given. Then F is an uniformly normal family 
if and only if the following two conditions hold 

(i) sup||o(/(p)|f„ ■pe[Jf-\D),f eF^ < oo, and 

(ii) Each Brody limit g for F such that g{C) C supp(i/o-) for some 
(7 E E \ {0}, is constant. 

Proof. (^) Suppose that F is uniformly normal. The assertion is de- 
duced from Corollary 17.121 and results of Joseph - Kwack (see [SI The- 
orem 3.4]). 

(<^=) Now, assume that we have the conditions (z) and (ii). Sup- 
pose that F is not uniformly normal. By a result of Joseph - Kwack 
(see in Theorem 3.4]), there exists a nonconstant Brody limit g E 
Hol{C, X). This means that there exist sequences {fk} C F and 
{fk} C Hol{Ak,fl) such that the sequence {gk = fk ° ^k] converges 
uniformly to g. By (ii), g is analytically non-degenerate with respect to 
E. By the Ramification theorem and since q > {m-\-iyK{E, N, {Dj}), 
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there exists 1 < jo < q such that 

g*Rj < m ■ supp{g* Rj) . 

Take zq G supp{g*Rj). Then, since g*Rj < m-supp{g*Rj), Jm{g){zo) ^ 
0. This imphes that o Jk{g){zQ) = a > 0. Thus, there exists an 
open set Uq containing zq, a neighbourhood Vq of g{zo) in X such that 
gk{z),g{z) G Vq for all z G Uo, (Jjlvo '■= ^jo is a holomorphic function 
on Vq. By Hurwitz's Lemma, there is a sequence {z^} in C such that 
{zk} Zq, (cTjo o gk){zk) = 0. We have 

lim Fm O Jm{gk){Zk) = Jm{g){Zo) = « > 0. 

fc— >oo 

Let pk = <fk{zk)- Then 

fkiPk) = ifk o ^k)izk) = gk{zk) G f^7o^(0) C Dj^, 
and hence, Pk ^[j /^^(-D) for each > 1. 

On the other hand, by Definition 17.131 and Lemma \7.7\ we have 



\ajk[Pk)\ ^ 



KniPkJmi^k)) K^iPkJU'Pk)) 

. Fm O Jra{gk){Zk) . , ^ T / ^ 

- ■ C^W >k-FmO Jrn{gk)[Zk) 

K^^{Zk,jU^d)) 



SO \dfk{pk)\ oo. Since {pk} C |J/~^(D), condition (i) does not hold. 
This is a contradiction. □ 
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